I. INTRODUCTION
Recent years have shown keen interest in the dynamics of sessile droplets and bubbles on oscillated substrate. [1] [2] [3] [4] [5] [6] [7] While the ability to predict the contact line motion and, therefore, to control the wetting processes is generally important for technological applications, 8, 9 these setups can also be used to manipulate small droplets over surfaces. [10] [11] [12] Instead of substrate vibrations, oscillations of drops and bubbles can be induced by electrowetting, see Refs. 13 and 14 and references therein. Apart from the ability to manipulate sessile objects, these techniques also admit the possibility of mixing. 13, 15, 16 Although in many of these applications, the contact line (and=or contact angle) is not static, theoretical models often neglect this dynamic feature or treat it in a simplified way. Independent of how oscillations are induced, the behavior of a sessile droplet or a bubble is significantly determined and often is completely slaved by the dynamics of the triple line. For instance, a simplified model of a compressible bubble atop vibrated substrate that neglects the coupling with the substrate predicts trivial volume oscillations. As the real picture is much more intricate, 6 this rough but representative example testifies to the necessity of finer models of the contact line motion. The importance of this argument is further augmented, when quantitative agreement between the theory and experiment is required, see also Sec. V.
The purpose of this study is to outline generic features caused by the interaction of such factors as compressibility and contact angle hysteresis, by looking at a relatively simple theoretical model that allows for a deep insight. More precisely, this can be achieved by applying an effective boundary condition suggested by Hocking, 17, 18 which correctly mimics the motion of the contact line and involves specific dissipation caused by this motion. Such an idealized system as a droplet (or a bubble) hemispherical in equilibrium admits a systematic analytical or semianalytical treatment. The latter issue is important for obtaining a deep insight, which is typically lost when one resorts to direct numerical simulations. This strategy has recently been applied to separately explore the impact of the compressibility of bubble 6 and the contact angle hysteresis. 7 Apart from shape oscillations typical of any deformable object, a compressible bubble additionally possesses the breathing eigenmode corresponding to radial pulsations. For a sessile bubble, the contact line dynamics causes the interaction of this mode with the eigenmodes of shape oscillations even within the linear problem, 6 contrary to the necessarily nonlinear coupling for a spherical bubble. 19 Another prominent feature caused by compressibility is a "double resonance," which means that under certain conditions, two modes simultaneously, one of the modes of shape oscillations and the breathing mode, are resonantly amplified. In this regime, bubble oscillations can be represented as such a superposition of these two modes that the contact line remains almost fixed, which is completely independent of wetting properties.
The issue of contact angle hysteresis has been recently addressed in another study dealing with an incompressible droplet. 7 As the contact line moves only when the contact angle exceeds a certain critical value, the stick-slip dynamics is observed: the system switches periodically between the phases with the sliding and the fixed contact line. The contact angle hysteresis causes another noteworthy effect. It is known that in the nonhysteretic limit, 4 no contact line motion exists at a discrete number of "antiresonant" frequencies, which are independent of wetting properties. The a)
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1070-6631/2011/23(10)/102105/6/$30.00 V C 2011 American Institute of Physics 23, 102105-1 contact angle hysteresis transforms these discrete frequencies into antiresonant frequency bands of finite width. The dynamics corresponds to stick-slip motion outside the bands and to oscillations with the pinned contact line within the bands. The contact angle hysteresis has been shown to be responsible for a nontrivial time dependence of the contact angle, which is in qualitative agreement with recent experimental observations. 1 In this study, we report on the interplay of the compressibility and the contact angle hysteresis. Particularly, we show that such coupling results not only in a simple combination of known effects. More importantly, it can also lead to a novel generic feature, which is not possible in previous setups, 6, 7 where these two factors come into play separately. The paper is outlined as follows. In Sec. II, we formulate the problem and in Sec. III, we describe the method of solution. Section IV is devoted to interpretation of results, which is finally followed by conclusions in Sec. V.
II. PROBLEM STATEMENT
Consider a gaseous bubble attached to the bottom of a liquid layer of thickness H with a free upper surface. The bubble is assumed hemispherical, with a radius R in equilibrium, implying that the equilibrium contact angle v eq ¼ p=2.
We focus on the case of "deep water," R ( H. The rigid substrate is subject to transverse oscillations with an amplitude a and a frequency x, see Fig. 1 . The amplitude is considered small ða ( R 2 =HÞ to linearize the governing equations and boundary conditions except for the Hocking condition, see Eq. (1) below. We assume that the frequency x is high to neglect the dissipative effects caused by acoustic irradiation, viscous and heat dissipation, 20 see the corresponding requirements, Eq. (2) in Ref. 6 . At the same time, x is considered comparable with both the eigenfrequencies of shape and volume oscillations for the bubble. The contact line dynamics is accounted via Hocking's boundary condition, 18 which includes the contact angle hysteresis.
Following Ref. 6 , we use ffiffiffiffiffiffiffiffiffiffiffiffiffi qR 3 =r p , R, aH=R, qax 2 H, and aH ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi r=ðqR 3 Þ p as the scales for the time, length, deviation of bubble surface from its equilibrium position, pressure, and velocity potential, respectively. Here, r is the surface tension and q is the liquid density. We work in the spherical coordinates r, #, and a with the origin in the center of the bubble and restrict our analysis to the axisymmetric problem. In the reference frame of the substrate, the system is described by the equations (cf. Ref. 6)
is the rescaled deviation of the contact angle from its equilibrium value and angle brackets abbreviate the averaging over the bubble surface. According to Hocking's hysteretic condition, Eq. (1d), the contact line remains motionless until jcj exceeds a certain critical value c c , which is a dimensionless parameter.
In addition to c c , the boundary value problem, Eq. (1), is governed by three dimensionless parameters, introduced in the nonhysteretic study: 6 the external frequency
, the Hocking (or wetting) parameter k ¼ K ffiffiffiffiffiffiffiffiffiffiffi qR=r p , and the pressure in the bubble P 0 ¼ 3n p P g R=r. Here, n p is the polytropic (e.g., adiabatic) exponent and P g and K are respectively dimensional pressure in the bubble and the Hocking parameter. As the relative depth of the layer H=R is large, the boundary conditions at the free surface have been replaced by the requirement of the decay of oscillations away from the bubble, Eq. (1e), see discussion in Ref. 6 .
III. METHOD OF SOLUTION
Although the hysteretic boundary condition at the contact line, Eq. (1d), makes the boundary value problem, Eq. (1), nonlinear, series representations for u, p, and f applied earlier [cf. Eq. (21) in Ref. 6 ] can be used:
Hereafter, dots denote the time derivatives.
Another representation of f follows from the normal stress balance condition, the second relation in Eq. (1c) where X 2 n ¼ ð2n þ 1Þð2n À 1Þð2n þ 2Þ with n ! 1 are the eigenfrequencies of the shape oscillations of a spherical bubble, which in our study refer to the even modes only. The value X 2 0 ¼ P 0 À 2 denotes the eigenfrequency of the volume (breathing) mode for the spherical bubble. It can be readily seen that the first term in Eq. (4) determines the deviation of the contact angle.
The comparison of Eqs. (2) and (4) for f yields a set of ordinary differential equations for C n
where a n are introduced as expansion coefficients
a n P 2n ðhÞ; a n ¼ À ð4n þ 1ÞP 2n ð0Þ ð2n À 1Þð2n þ 2Þ :
Equations (5) and (6) should be supplemented with an equation for c, which is drawn from Eq. (1d). The convergence of the series for f at h ¼ 0 is very slow. To improve the computational efficiency, we make use of the following idea. We note that the first term in Eq. (6) can be neglected for large n.
Indeed, this term is of order X 2 C n (the higher modes of eigenoscillations are not excited) and consequently, it is small in comparison with X 2 n C n . Therefore, starting from a certain N, we can put C n % a n c and apply Eq. (2)
where b n ¼ C n À ca n and we used Eq. (7) at h ¼ 0. Relations (8) and (1d) give the desired equation for c
where S N P N n¼0 a n P 2n ð0Þ. Note that the similar approach can be applied to incompressible droplets equally well and it is even more powerful than that applied earlier in Ref. 7 .
The set of Eqs. (5), (6) , and (9) was solved numerically with N ¼ 90. To check the accuracy, we performed tests with N ¼ 100 and N ¼ 150, which gave close results with a typical distinction within 2% between N ¼ 90 and N ¼ 150.
IV. RESULTS AND DISCUSSION
We start our discussion by outlining possible types of dynamics inherent to a compressible bubble with the contact angle hysteresis. Recall that because of dissipative nature of Hocking's condition, Eq. (1d), the system reaches a terminal oscillatory state (a limit cycle) after a certain transient. As has been shown for an incompressible droplet, 7 the contact angle hysteresis leads to the existence of antiresonant bands. Depending on the parameters X and c c but being completely independent of the wetting parameter, k, two characteristic types of terminal oscillations are possible: (1) with the stickslip motion of the contact line and (2) with the contact line pinned, respectively outside and within the antiresonant bands. The border separating the corresponding domains on the plane (X, c c ) is drawn from the partial problem with the pinned contact line. For a compressible bubble, the situation is similar with a difference that now a dependence on the parameter P 0 appears, see Fig. 2 . Note that variation of P 0 significantly affects the widths of the antiresonant bands.
Before we proceed to the analysis of terminal oscillations, we emphasize an outstanding feature, which concerns transients related to the domains with the fixed contact line (antiresonant bands) in Fig. 2 and is a result of interplay between the compressibility and the contact angle hysteresis. The bubble response strongly resembles modulated oscillations, see Fig. 3 . Note that most of the time jcj < c c , implying that the contact line is fixed and no damping occurs. The oscillations are subject to damping during the relatively short spells of sliding motion, jc(t)j > c c . As a result, in a few hundreds of periods, a specific regime of oscillations in which the amplitude of "modulated" oscillations equals c c is reached; the contact line stops sliding and the oscillations no longer decay.
A closer inspection of the signal c(t) shows that it presents a superposition of the externally imposed oscillation and an eigenmode: a c cos Xt þ (c c À a c )cos x n t. Here, a c ¼ a c (X, P 0 ) and x n ¼x n (P 0 ) are, respectively, the amplitude of forced oscillations of c(t) and the eigenfrequency of oscillations with the fixed contact line. In our example, a c ¼ 1.78, n ¼ 1, and x 1 ¼ 4.05. Further calculations demonstrate that for any initial conditions that admit the stick-slip motion of the contact line during the transient, only one of eigenmodes is selected-the one with the eigenfrequency x n closest to X; other eigenmodes decay faster and are eventually "filtered out" due to the Hocking dissipation.
At a first glance, this effect is unexpected, as the decay rates caused by the contact line dynamics are approximately 
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Bubble dynamics atop an oscillating substrate Phys. Fluids 23, 102105 (2011) the same for all the eigenmodes. 4, 6 Therefore, it is not clear why a single eigenmode (and which one exactly) is selected. The only straightforward case in which dissipation becomes vanishingly small for any k is the case of a double resonance, when X n % X 0 and X is close to both these frequencies. 6 From this perspective, the "leading" eigenmode should be that with the eigenfrequency x n closest to the double resonance. However, our calculations show that modulated oscillations exist even away from the double resonance and hence the argumentation should be modified. What does explain the minimization of dissipation for the leading eigenmode is a consideration of the spells during which the contact line slides. Note first that for any superposition of the forced oscillation and an eigenmode with an eigenfrequency x n , the evolution of the contact angle can be represented as amplitude-modulated oscillations with the pumping frequency X and the frequency of modulation jx n À Xj. Then, the dissipation takes place only when the contact line keeps sliding, or, in other words, during the spells with jc(t)j > c c . Thus, as becomes clear from Fig. 3 , smaller dissipation corresponds to smaller frequencies of modulation, jx n À Xj, which explains the dominance of the eigenmode with smallest jx n À Xj and hence, the origin of modulated oscillations. We stress that this effect is inherent to a compressible bubble only and is not found for a drop. 7 For an incompressible droplet, the signal c(t) is more complicated, including always several eigenmodes shifted in phases.
Of course, in a real system, other dissipative mechanisms neglected in our study (say, for simplicity, viscosity, with a characteristic time scale s $ R 2 =, where is the kinematic viscosity of the liquid) eventually suppress the eigenmode oscillations. After that, the system approaches the terminal state-the studied earlier linear oscillations with the pinned contact line. 6 However, such a nontrivial transient is expected to be visible on times smaller than s . For instance, for a bubble of radius 0.1 cm in water s % 1 s and the capillary time scale s c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi qR 3 =r p ' 0:003 s, which means that several hundreds of oscillations take place before the extinction of the leading eigenmode. Beyond the antiresonant bands, the system approaches the terminal state due to the Hocking mechanism of dissipation. Note that the characteristics of the terminal state are only slightly affected by viscosity. The magnitude of such a change can be estimated as s c =s , which provides as small as s c =s ' 0:003 for the example above.
We next consider the terminal oscillations with the stick-slip motion at the contact line, which are qualitatively similar to those found for a droplet. 7 Namely, away from the resonant frequencies, the response is simple. However, even in this case, the oscillations are nonlinear: as ensured by the nonlinearity due to Hocking's condition, generation of higher harmonics occurs. When X is close to x n , the evolution can become more intricate showing appearance of several local maxima in c(t) and f p (t) : f (# ¼ 0, t) during a period, cf. panels (a) and (b) in Fig. 4 . The oscillations of the bubble volume C 0 (t) remain almost harmonic irrespective of k and X.
Despite qualitative similarity with the droplet, 7 a feature inherent to the bubble oscillations appears, see amplitude response for different values of c c and P 0 in Fig. 5 . Although all the curves for finite c c are between those for the nonhysteretic case, c c ¼ 0, and the case of c c ! 1 (or, equivalently, the pinned-end limit, k ¼ 0) as in Ref. 7 , we now have the additional parameter P 0 . This parameter can be used to tune X 0 such that it is close to an eigenfrequency of the shape oscillations, X n , when the dissipation drops down. 6 As a result, at frequencies X % X 0 % X n , we can expect a double resonance. 6 The first exact resonance occurs at P 0 ¼ 14,
. As can be seen in Fig. 5 , the double resonance is well pronounced for P 0 ¼ 10 but no longer present at P 0 ¼ 30. Note that the double resonance has two distinctive features: (1) in contrast to usual resonances, the response characteristics of the double resonance are almost independent of c c and (2) compared for finite values of c c , its amplitude ! (X 0 À X n ) À2 is much larger than those for usual resonances. 
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Fayzrakhmanova, Straube, and Shklyaev Phys. Fluids 23, 102105 (2011) the possibility of a systematic analysis. We have shown that the combined action of the compressibility and contact angle hysteresis does not simply inherit known effects caused by one of these factors [see points (1) and (2) below] 6,7 but also leads to a qualitatively novel feature not possible in the previously considered systems [point (3) below].
(1) Similar to an incompressible droplet in the presence of contact angle hysteresis, 7 the compressible bubble exhibits two kinds of terminal oscillations: either with the stickslip motion of the contact line or with the thoroughly motionless contact line. For both systems, the border separating these regimes of terminal oscillations is independent of the wetting parameter, k, and depends on the threshold value of the contact angle c c and on the external frequency X. For an incompressible droplet, the oscillations with the pinned contact line and those with the stick-slip motion represent fixed domains on the plane (X, c c ). For a compressible bubble, an additional dependence on the pressure in the bubble, P 0 , appears and this diagram is significantly affected by the value of P 0 , see Fig. 2 .
(2) For the regime of terminal oscillations with the stick-slip motion of the contact line, we end up with the following conclusion. Similar to a compressible bubble with no contact angle hysteresis, 6 the studied system preserves the effect of double resonance. This happens when the external frequency X is close simultaneously to the frequency of the breathing mode and to one of eigenfrequencies of the shape oscillations (both for a spherical bubble of the same radius), X 0 % X n . Interestingly, the oscillations are found to be almost independent of the threshold value of the contact angle, c c . We also note that the double resonance is much stronger than usual resonances. From the experimental point of view, the double resonance can be detected by adjusting P 0 such that X 0 (P 0 ) % X n . The condition X % X n is ensured by tuning the external frequency X.
(3) For the regime of terminal oscillations with the fixed contact line, we found out an unusual transient resembling modulated oscillations, as in Fig. 3 . Any initial conditions that admit the stick-slip motion of the contact line during the transient lead to oscillations presenting a superposition of the external signal with the frequency X and a single eigenmode with the eigenfrequency x n closest to X. Here, x n is the eigenfrequency of the shape oscillations for the hemispherical bubble with the pinned contact line. Although in a real system this eigenmode will ultimately be suppressed (e.g., by viscosity), such a nontrivial transient is expected to be experimentally testable: for instance, for a bubble of radius 0.1 cm in water several hundreds of oscillations take place before the amplitude modulation is completely washed out. Note that the effect of modulation is possible neither for a bubble without contact angle hysteresis 6 nor for an incompressible droplet. 7 More generally, we believe that the potential of Hocking's dynamic boundary condition at the triple line goes beyond the studied problem, including studies in Refs. 4, 6, and 7, and can be helpful in a different context. We briefly mention a relation to the problem of bubble oscillations generated by means of electrowetting. 14 Despite the different way of exciting oscillations, the two problems are similar in several aspects.
First, a simple model developed in Ref. 13 for a drop and later modified for a bubble 14 neglects the coupling to the substrate and, therefore, involves no interaction of different "Rayleigh's" modes (associated with different Legendre polynomials). The interaction of these modes through the substrate is known to shift the eigenfrequencies from the values X n , see, e.g., Refs. 4 and 6. Note also that for any finite value of the wetting parameter, k, the resonant frequencies do not coincide with the eigenfrequencies. Most likely, this is a reason of a quantitative discrepancy between the experimental measured and theoretical resonant frequencies, which can be fixed via the methodology that we applied in the present study. A comparison of resonant frequencies for different values of k with those measured experimentally would make possible to estimate the value of k for a given experimental system.
Second, the account of viscosity in the theoretical model applied in Ref. 13 can be improved. The contribution into dissipation of the viscous boundary layer developing near the substrate is known (see, e.g., Ref. 21) to prevail over the volume dissipation taken into account in this study. 13 For this reason, the decay rates should be estimated as being proportional to d ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi ffi =xR 2 p rather than d 2 . An example of estimates for a hemispherical drop can be found in Ref. 4 . This circumstance may be a reason behind the theoretically overestimated resonant amplitudes. 13 Finally, we point out that the correct description of the interaction with the substrate can also be an important prerequisite for obtaining the proper picture of the bulk dynamics, for instance, in oscillating bubbly liquids under confinement, see Ref. 22 and references therein. Another example concerns acoustic or electrowetting-driven oscillations of a sessile bubble used to generate streaming flow in the bulk, which presents a way to manipulate small-sized objects indirectly, including capture, propulsion, and release. [23] [24] [25] 
